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Subgraph query can be applied in various scenarios, such as fraud detection and cyberattack pattern analysis.
However, computing subgraph queries usually traverses a huge search space. Many efforts have been made to
reduce this search space. The size of the answer set can be exponential, providing a substantial lower bound
for the search space. Additionally, different answers may overlap, and a single vertex can occur multiple times
in different matches. In this paper, we propose a new problem to compute the match cover of a subgraph
query. We define the match cover as a subset of answers such that the vertices included are exactly the same
as those in the entire set. There can be more than one match covers, however, we only return one, as long
as we can avoid the huge overhead of searching the entire set. It is inefficient to apply traditional subgraph
query methods for computing match cover. Specifically, existing methods do not prune partial matches that
could grow into full matches. For match cover computation, if the vertices in those full matches are already
included in previously found matches, continuing the computation over such partial matches is a waste of time.
We propose a new framework, called MatCo, to compute the match cover. In MatCo, we design a new data
structure, called local candidate space, to determine whether the future search scopes of partial matches have
been covered. We can easily maintain local candidate space and efficiently conduct the determination. We also
reduce some Cartesian products, which are inevitable in existing methods, into linear enumerations, which
significantly improves performance. Extensive experiments over various datasets confirm that our method
outperforms comparative ones by 1∼3 orders of magnitude. Efficiently computing the minimum match cover
could be an interesting future work.
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1 Introduction
Subgraph query [39] aims to find all matches (isomorphisms) of a query graph in a data graph. As one
of the most important problems in graph computation, subgraph queries can be applied in various
scenarios, such as detecting financial fraud cycles in transaction graphs [26] and searching for
cyberattack patterns in network traffic [20]. Existing works on subgraph queries tend to recursively
extend smaller partial matches into larger ones until the final answers are obtained. They typically
design index-based filtering and pruning strategies to discard unpromising partial matches as early
as possible. However, the answer set can be of exponential size, and since each match corresponds
to an independent search branch, many approaches still suffer from the large search space.

In this paper, we propose a new problem: returning a subset of the matches for a subgraph
query, such that the vertices in this subset are exactly the same as those in the full set. We call
this subset as the match cover of the query over data graph. Specifically, for each data vertex E

that exists in some match1, there must be a match in the cover set containing E . The following two
examples demonstrate that, in certain scenarios, returning a match cover instead of the full set may
be sufficient.
Example 1: Cyberattack pattern. Fig. 1(a) demonstrates a representative cyberattack pat-

tern [11], where an attacker launches a DDoS attack on a victim machine. Fig. 1(b) depicts the
corresponding communication graph formed by DDoS [33] traffic. The full set of 8 matches (i.e.,
{61, 62, · · · , 68}) is presented in Fig. 1(c), and these matches substantially overlap with each other. In
fact, we only need to return a subset of these matches such that for any attack, bot, or victim, it is
guaranteed to be included in one of the returned matches. For example, the match cover {61, 62},
with only 2 matches, includes all related vertices, and for each attacker/bot, there exists at least one
match in {61, 62} as evidence to indicate its role in the DDoS attack.

(a) Cyberattack pattern (b) DDoS traffic (c) Full match and match cover

Fig. 1. Query example in cyberattack pattern

Example 2: Financial fraud pattern. Fig. 2(a) presents a credit card fraud pattern involving
a fraudulent transaction. Specifically, a criminal (D1) pays a merchant (D3) with a credit card (D2),
and the merchant then transfers the money (from a bank) to the criminal through a middleman

1This match may not be included in the match cover
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(D4), completing the illegal cash-out. Fig. 2(b) presents a transaction graph involving this fraud,
with multiple credit cards and middlemen2. From Fig. 2(c), we see that the match cover {61, 62} has
2 matches, while the full set has 4. For each related vertex, there is always a match in {61, 62}, as
evidence, to identify its fraudulent involvement.

It is important to consider whether there is a significant performance benefit to returning a
match cover instead of the full set. We have found that a match cover can be much smaller than the
full set. We collected statistics on various data graphs from a recent subgraph match survey [35] to
compare the size of match covers against full sets. In each graph, we retrieved 50 query graphs
by random walk and applied a traditional subgraph match algorithm [21] to compute the full set.
Each time we obtained a full answer set for a query, we also computed the minimum : such that
the first : obtained matches during the search constitute a match cover. Table 1 presents the size
comparison between each full set and the corresponding match cover. We use |�| to denote the
average size of the full answer set and |�′ | for the match cover size. We also use |+ (�) | to denote
the number of vertices in � (Clearly, |+ (�) | = |+ (�′) |). We observe that |�| is usually larger than
|�′ | by 5∼8 orders of magnitude. Thus, there are many redundant matches with respect to the
match cover, and it is promising to design new pruning strategies to reduce redundant computation
for performance improvement.

(a) Credit card fraud pattern (b) Transaction graph (c) Full match and match cover

Fig. 2. Query example in cyberattack pattern

Table 1. Match cover statistics for different datasets

Dataset Answer number |�| Cover size |�′ | |�|/|�′ | |+ (�) |
Yeast 1.72 × 108 1.43 × 102 1.21 × 106 166
Human 5.92 × 1010 1.18 × 102 5.03 × 108 131
Wordnet 1.72 × 1011 3.53 × 104 4.86 × 106 3.83 × 104
DBLP 2.08 × 109 2.03 × 103 1.01 × 106 3.07 × 103
YouTube 3.37 × 1011 1.52 × 104 2.22 × 107 1.62 × 104
EU-2005 4.00 × 1011 3.90 × 104 1.03 × 107 4.20 × 104
Orkut 1.90 × 1011 2.28 × 105 8.35 × 105 2.67 × 105
Twitter 3.80 × 1011 6.68 × 103 5.68 × 107 7.14 × 103

Note that there can be more than one match covers for a query over a data graph. Our goal is to
return one of them, as long as the time cost is significantly less than that for the full set of answers.
Efficiently computing the minimum match cover could be an interesting direction for future work.

It is non-trivial to extend existing subgraph search methods to match cover computation. Existing
methods typically compute subgraph queries by recursively extending small partial matches into

2In fraudulent transactions, it is common to have an indefinite number of credit cards and intermediaries [14]
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larger ones until final matches are obtained. If a partial match can be extended into one or more
full matches, then it is considered promising and cannot be pruned in traditional subgraph search
solutions. However, for match cover computation, the situation changes. For example, vertices
in those full matches may have already been included in previously found matches. In this case,
those full matches are redundant with respect to the current match cover, and the corresponding
computation is a waste of time. Note that matches in a match cover may still overlap with each
other. Therefore, during the search, even if a vertex E has been included in an existing match, we
may still need to visit E in subsequent computations.

We propose a new framework, called MatCo, to efficiently compute the match cover. In MatCo,
we design a data structure, called local candidate space, to indicate the future search scope of each
partial match. One one hand, if the future search scope indicates empty result, then current partial
match can be safely pruned; on the other hand, if the partial match, together with the search scope,
has been already covered, then the subsequent computation following this partial match would
only lead to redundant matches, and we can prune this search branch immediately. We can easily
maintain local candidate space and efficiently perform each determination. And, the space cost
for local candidate space is almost constant. Furthermore, we reduce some inevitable Cartesian
products in traditional subgraph search into linear enumeration when computing the match cover,
which significantly improves performance.

To summarize our contributions:
• We propose a new problem: computing the match cover for a subgraph query. We are the

first to define the match cover and reveal, through statistical analysis, that a match cover is
usually much smaller than the full answer set.
• We design a framework called MatCo to compute the match cover. MatCo dynamically

maintains a new data structure, called local candidate space, for determining unpromising
partial matches as early as possible, including those that only lead to redundant matches
with respect to the current match cover.
• We reduce some inevitable Cartesian products in traditional subgraph search into linear

enumerations for match cover computation, which significantly improves performance.
• Extensive experiments over various datasets confirm the efficiency of our method, which

outperforms comparative methods by 1∼3 orders of magnitude.

(a) Query graph (b) Data graph (c) Answer set, match cover and
key vertices

Fig. 3. Example of data graph and query graph

2 Problem Definition
Let’s formally define our problem to compute match cover for a subgraph query over a data graph.
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Definition 1 (Graph). A graph � consists of a vertex set + (�), an edge set � (�) and a label
function !� that assigns labels for each vertex and edge. We may use + , � and ! to denote the
corresponding vertex set, edge set and label function, respectively, when the context is clear. For
simplicity, we use !(D) and !(D, E) to denote the label of vertex D and that of edge (D, E), respectively.
We use #� (E) to denote the neighbor set of E in � .

Definition 2 (Subgraph Match). Consider a data graph � and a query graph & . A subgraph
6 of � is called a match (isomorphism) of & if and only if there exists a bijective mapping � (⊂
+ (&) ×+ (6)) from + (&) to + (6) such that:
• ∀(D, E) ∈ �, !& (D) = !� (E)
• ∀(D1, E1), (D2, E2) ∈ � , then:
– (D1, D2) ∈ � (&) ⇔ (E1, E2) ∈ � (6)
– (D1, D2) ∈ � (&) ⇒ !& (D1, D2) = !� (E1, E2)

A data vertex E matches a query vertex D if and only if !� (E) = !& (D), while a data edge (E1, E2)
matches a query edge (D1, D2) if and only if E1 (E2, resp.) matches D1 (D2, resp.) and !� (E1, E2) =
!& (D1, D2).

For the sake of presentation only, we assume that graphs are undirected. Actually, our method can
be easily applied over directed ones, since we can trivially incorporate edge direction constraints
into edge matching semantic during query execution.

Definition 3 (Answer Set & Key Vertex). Consider a data graph � and a query graph & . We
denote answer set of& over� as ��,& , and for simplicity, when the context is clear, we may sometimes
use � in place of ��,& . Additionally, a vertex E ∈ + (�) is referred to as a key vertex if there exists a
match 6 ∈ � such that E ∈ + (6). The set of all key vertices under & and� is denoted as+ (�), namely:

+ (�) =
⋃

6∈�
+ (6)

The core concept in our problem is the match cover.

Definition 4 (Match Cover). Consider a data graph � , a query graph & , and the corresponding
answer set �. We define match cover of & over� as a subset �′ ⊆ � such that the set of vertices in �′

exactly matches the set of all key vertices, i.e., + (�′) =+ (�).
For example, consider the running example in Fig. 3.The set� contains all answers, i.e., {61, 62, 63},

and the key vertex set+ (�) is {E1, E2, E3, E4, E5, E6, E7, E8, E9, E10}. We can see that �′ = {61, 62} ⊂ �

is a match cover since + (�′) =+ (�).
Clearly, there could be more than one match covers for & , while our problem is to find one of

them. Computing minimum match cover is not our focus, since it may cause extra time cost to
make the result set being minimal. Actually, our target is the efficiency, as long as the results cover
all key vertices. Efficiently computing minimum match cover could be an interesting future work.
Since �′ is a subset of �, then |�′ | ≤ |�|. Also, there may be only one match cover, i.e., the full set.
For example, it is possible there were no overlap between different matches, and only the full set
could cover all key vertices. In this way,�′ = �. Also, since�′ covers all key vertex and each match
contains |+ (&) | vertices, in this way, |+ (�) | ≤ |�′ |·|+ (&) |, namely, |�′ | ≥ |+ (�) ||+ (& ) | . Therefore:⌈

|+ (�) |
|+ (&) |

⌉
≤ |�′ | ≤ |�| (1)

Our problem is to efficiently find a match cover, which is NP-hard as indicated in the following
Theorem 1.

Theorem 1. Given a data graph � and a query & , computing a match cover is NP-hard.
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Proof. We can reduce the :-clique problem (NP-Complete) to match cover computation in
polynomial time. Given an arbitrary parameter : and a data graph � = (+� , �� ), consider the
problem to determine whether there exists a clique of size : in � . Let’s construct a match cover
problem based on this :-clique one. We build a query graph & = (+& , �& , !) where |+& | = : , and
each vertex in +& has edge with any other vertex, namely,

�& = {(D8 , D 9 ) | D8 , D 9 ∈ +& ∧ D8 ≠ D 9 }
And, ! is a constant label function such that ∀D ∈ +& , !(D) = ; where ; is a constant label. We
also build a new graph �=4F = (+=4F, �=4F, !=4F) where +=4F = +� , �=4F = �� , and ∀E ∈ +=4F ,
!=4F (E) = ; . For this match cover problem, if the returned match cover is not empty set, then each
returned match is exactly a :-clique, which means there exists a :-clique in the original � since �
and �=4F have the same topology structure ( +=4F =+� , �=4F = �� ). Conversely, there would be
no such :-clique matching & in �=4F and hence there would be no :-clique in � . Apparently, the
problem reduction costs only polynomial time. Overall, match cover computation is NP-hard. �

We also define some concepts that would be frequently used when presenting our method.
Definition 5 (Matching Order and Left/Right Neighbor). A matching order of a query & ,

denoted as Φ& is a sequence of all query vertices: {D1, D2, · · · , D |+ (& ) | }. For D8 , D 9 in Φ& , if D8 is a
neighbor of D 9 in& and 8 < 9 , then D8 is referred to as a left neighbor of D 9 under Φ& , and, D 9 is a right
neighbor of D8 . We use !#Φ&

(D8 ) ('#Φ&
(D8 ), resp.) to denote the left (right, resp.) neighbor sets of D8

under Φ& .

We use @8 to denote the subquery induced by the first 8 vertices in Φ& . For the sake of presentation
only, we may use Φ, !# (D8 ) and '# (D8 ) for Φ& , !#Φ&

(D8 ) and '#Φ&
(D8 ), respectively, when the

context is clear. For example, in Fig. 3(a), left neighbors ofD4 are {D2,D3}. Also,D1 is the only neighbor
at the left of D3, and hence !# (D3) = {D1}. Note that we do not discuss how to design a matching
order since it is a well-studied problem [5], and our method simply builds a matching order that is
consistent with the deceasing order of query vertex degree.
Definition 6 (8-match). Consider a query & and a matching order Φ = {D1, D2, · · · , D |+ (& ) | },

we may use a data vertex sequence {E1, E2, · · · , E |+ (& ) | } to denote a match if the pair-wise mapping
{(D1, E1), (D2, E2), · · · , (D |+ (& ) | , E |+ (& ) | )} is a bijective one satisfying the subgraphmatching constraints
in Definition 2. Similarly, the 8-length prefix {E1, E2, · · · , E8 } (1 ≤ 8 ≤ |+ (&) |) could be used to denote
the partial match matching @8 . We call this 8-length sequence as a 8-match of & under Φ, which is
usually denoted as 68 .

For example, in Fig. 3, with Φ = {D1, D2, D3, D4, D5, D6}, we use 61={E1, E4, E5, E7, E9, E10} to denote
a match, and {E1}, {E1, E4} and {E1, E4, E5} represent 1-match, 2-match and 3-match, respectively.
Definition 7 (Dependent Vertex). For a data graph � , query & and Φ = {D1, D2, · · · , D: }
(: = |+ (&) |), consider a partial match 68−1 matching @8−1. For a left neighbor D8′ of D8 (8′ < 8), the
data vertex E8′ ∈ 68−1 matching D8′ is a dependent vertex of D8 over 68−1.

For example, consider a partial match 63 = {E1, E4, E5} of the running example in Fig. 3. We
know that the left neighbors of D4 are {D2, D3}. Since E4 and E5 match D2 and D3, respectively, then
dependent vertices of D4 over 63 are {E4, E5}.
Definition 8 (Query Edge Constrained Neighbor Set). Consider a data graph � , a query

& and a data vertex E matching D. Assume that (D,D′) is a query edge in & , then the query edge
constrained neighbor set of E under D′, denoted as # (D,D

′ ) (E), is defined as the maximum subset of
#� (E) such that for each E ′ ∈ #� (E), data edge (E, E ′) matches query edge (D,D′), namely,

# (D,D
′ ) (E) = {E ′ ∈ #� (E) | (E, E ′) <0C2ℎ4B (D,D′)}
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For example, consider a partial match 63 = {E1, E4, E5} of the running example in Fig. 3. We know
that63 matches@3 = {D1,D2,D3}. For query edge (D2, D4), adjacent edges of E4 (matchingD2) thatmatch
(D2, D4) are (E4, E7) and (E4, E8), and hence, # (D2,D4 ) (E4) = {E7, E8}. Similarly, # (D3,D4 ) (E5) = {E7}.

3 Approach
In this section, we present our MatCo framework for computing match cover. We introduce the
traditional subgraph search in Section 3.1, where we discuss in detail why existing methods can
not be applied for match cover computation. In Section 3.2, we propose a new data structure: local
candidate space to compute match cover. We define a future search scope for each partial match
with the local candidate space, and once we find that the future search scope has been covered,
we can prune the corresponding partial match safely. We also propose an innovative optimization
in Section 3.3 to accelerate MatCo, where we reduce time-consuming Cartesian products that
are inevitable in traditional method into lightweight linear enumeration. We discuss our overall
complexity in Section 3.4.

3.1 Traditional Subgraph Search & Its Inefficiency for Match Cover Computation
Consider a query graph& , a data graph� and a matching order Φ = {D1, D2, · · · , D |+ (& ) | }. We firstly
illustrate a traditional search process for subgraph query with some frequently-used concepts,
which is beneficial to our later presentation for MatCo.

Existing frameworks for subgraph query usually grow each small partial match into full ones by
a series extensions. Consider an 8-match 68 matching @8 and a data vertex E . If 68 ∪ {E} matches @8+1
(with E matching D8+1), then we say that E is a feasible candidate of D8+1 over 68 . We use % (68 ) to
denote the set of feasible candidate vertices under Φ. In this way, for each 68 (matching @8 ), we need
to compute the corresponding % (68 ), based on which we can extend 68 into several 68+1 (matching
@8+1 = @8 ∪ {D8+1}). And then each 68+1 would similarly be extended into a series of 68+2. One can
recursively conduct such extension to obtain target final answers.

In an extension, one can apply worst-case optimal join (WCOJ) [21] to compute the set of feasible
candidates % (68 ), which is similar to many existing works [3, 17, 19, 23, 27, 36]. Specifically, for a par-
tial match 68 = {E1, E2, · · · , E8 } matching @8 = {D1, D2, · · · , D8 }, according the definition of subgraph
match, any feasible candidate of D8+1 over 68 must be a common neighbor of dependent vertices
(see Definition 7) under D8+1 in 68 . Assume that !# (D8+1) = {D81 , D82 , · · · , D8~ }, where ~ = |!# (D8+1) |
and each dependent vertex E8G matches D8G (1 ≤ G ≤ ~). According to Definition 8, we know that
# (D8G ,D8+1 ) (E8G ) is the subset of #� (E8G ) (1 ≤ G ≤ ~), such that for each vertex E ∈ # (D8G ,D8+1 ) (E8G ),
data edge (E8G , E) matches query edge (D8G , D8+1). Then, according to the WCOJ mechanism, we can
compute % (68 ) by conducting a series of intersections over all such # (D8G ,D8+1 ) (E8G ), followed by
removing visited vertices (i.e., those in + (68 )) from the result set:

% (68 ) = ©­«
⋂

D8G ∈!# (D8+1 )
# (D8G ,D8+1 ) (E8G )

ª®¬ \+ (68 ) (2)

It is inefficient to apply existing subgraph matching work to compute match cover, since we
may not need to find out the full set of answers to constitute a match cover. An important problem
is that, during our search, how to determine current partial match is unpromising? In traditional
methods, a partial match is unpromising only if it could not be extended into any full answer.
While, things are different in match cover computation. Consider a partial match 68 that could be
extended into several full matches. Assume that�68 is the set of full matches that are grown from 68

(�68 ≠ ∅), and �′′ is the set of matches already found at the first sight of 68 during the search. Then,
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68 could still be unpromising under our problem if + (�68 ) ⊆ + (�′′), i.e., subsequent search over 68
would not contribute to covering new key vertices (see Definition 3). None of previous work could
determine such unpromising partial match, since they have no way to figure out+ (�68 ) in advance,
let alone to determine whether + (�68 ) has been covered or not. Hence, existing algorithms would
not terminate unless they figure out the full set of matches, which is inefficient.

For example, consider the data graph � , query graph & and the corresponding Φ in Fig. 3. With
the approach indicated in Algorithms 1 and 2, when we encounter the partial match 62 = {E2, E4},
two full matches 61 and 62 (see Fig. 3) have been found and the covered vertex set is {E1, E2, E3, E4,
E5, E6, E7, E8, E9, E10}. In this way, the third full match 63, the only one that would be grown from
62, would only contain vertices that have already been covered. Hence, computation for 63 is just
a waste of time and the corresponding partial match 62 should be pruned once encountered. In
the following Section 3.2, we propose an auxiliary data structure, called local candidate space, to
effectively determine such special unpromising partial match.

3.2 Local Candidate Space for MatCo
We propose a new data structure, i.e., local candidate space, together with an innovative pruning
strategies to efficiently compute match cover. Note that this is one of the two important parts in
MatCo, and the other novel optimization for MatCo will be illustrated in the subsequent Section
3.3. We will finally present the complexity analysis of our method in Section 3.4.

For each partial match 68 , the corresponding local candidate space is essentially an array, where
each element is a set of candidate for a query vertex, which limits the search range over 68 . We
formally define local candidate space in the following Definition 9.

Definition 9 (Local Candidate Space). Consider a partial match 68 = {E1, E2, · · · , E8 } matching
@8 = {D1, D2, · · · , D8 } under Φ. The local candidate space of 68 , denoted as�68 , is an array of size |+ (&) |.
Each element �68 [ 9] is a set of candidates matching D 9 (1 ≤ 9 ≤ |+ (&) |), which is defined as follows:

• if 9 ≤ 8 , �68 [ 9] = {E 9 }.
• if 9 > 8 :
– if there is no dependent vertex in 68 for D 9 , (i.e., !# (D 9 ) ∩+ (@8 ) = ∅), then �68 [ 9] is marked
as undefined, i.e., �68 [ 9] = =D;; . Note that =D;; ≠ ∅;

– if there exists a dependent vertex in 68 for D 9 , (i.e., !# (D 9 ) ∩+ (@8 ) ≠ ∅), then �68 [ 9] can be
formed by the following intersections with a duplication to remove visited vertices:

�68 [ 9] =
©­«

⋂
D8′ ∈!# (D 9 )∩+ (@8 )

# (D8′ ,D 9 ) (E8′ )ª®¬ \+ (68 ) (3)

where E8′ (matching D8′ ) is a dependent vertex in 68 for D 9 .

With Definition 9, we have the following important Lemma 1 and Theorem 2.

Lemma 1. For a partial match 68 , % (68 ) =�68 [8 + 1].

Proof. Since we know that each prefix of matching order always constitutes a connected
subquery (to avoid unnecessary Cartesian products), and hence, D8+1 would always have at least
one left neighbor in @8 , and meanwhile, there would be at least one dependent vertex in 68 ofD8+1. In
this way,�68 [8 +1] would not be =D;; and hence�68 [8 +1] can be computed according to Equation 3.
Also, when 9 = 8+1, then !# (D 9 ) ∩+ (@8 ) is exactly equivalent to !# (D8+1), therefore, definition of
% (68 ) (see Equation 2) is the same as that of �68 [8 + 1] in Equation 3. �
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Theorem 2. For two partial matches 68
′
and 68 , where 68 is grown from 68

′ (8′ < 8). Assume
that 68

′
= {E1, E2, · · · , E8′ } matching @8

′
, and 68 = {E1, E2, · · · , E8′ , E8′+1, · · · , E8 } matching @8 . Then, for

1 ≤ 9 ≤ |+ (&) |, if �68 [ 9] is not =D;; , we can conclude that �68 [ 9] ⊆ �68
′ [ 9].

Proof. We can prove this theorem as follows:
• 1© if 1 ≤ 9 ≤ 8′, apparently,

�68 [ 9] = {E 9 } =�68
′ [ 9]

• 2© if 9 > 8 ,
– if dependent vertices of D 9 in 68

′ are the same as those in 68 (i.e., !# (D 9 ) ∩ + (@8′ ) =

!# (D 9 ) ∩+ (@8 )), then
�68 [ 9] =�68

′ [ 9] \+ (68 )
– if the set of dependent vertices of D 9 in 68

′ is different from that in 68 (i.e., !# (D 9 ) ∩
+ (@8′ ) ≠ !# (D 9 ) ∩+ (@8 )), assume that !# (D 9 ) ∩ (+ (@8 ) \+ (@8

′ ) = {D81 , D82 , · · · , D8~ }, and
the corresponding dependent vertices are {E81 , E82 , · · · , E8~ } (8′ < 81 < 82 < · · · < 8~ ≤ 8),
then, according to the definition of local candidate space, we have:

�68 [ 9] =�68
′ [ 9] ∩

(
~⋂

G=1

# (D8G ,D 9 ) (E8G )
)
\+ (68 )

in this way, �68 [ 9] ⊆ �68
′ [ 9];

• 3© if 8′ < 9 ≤ 8 , then according to 2©,

�6 9−1 [ 9] ⊆ �68
′ [ 9]

while, together with Lemma 1, we have:

% (6 9−1) =�6 9−1 [ 9] ⊆ �68
′ [ 9]

since �68 [ 9] = {E 9 }, and E 9 ∈ % (6 9−1) (according to the definition of % (6 9−1)), then �68 [ 9] ⊆
% (6 9−1) ⊆ �68

′ [ 9].
Above all, for any �68

′ [ 9] (1 < 9 ≤ |+ (&) |), either �68
′ [ 9] = =D;; or �68 [ 9] ⊆ �68

′ [ 9]. �

Fig. 4. Examples for local candidate space

For instance, consider the running example in Fig. 3 and the examples for local candidate
space in Fig. 4. 63 = {E1, E4, E5} is grown from 62 = {E1, E4}, and we can see from Fig. 4 that for
1 ≤ 9 ≤ |+ (&) | = 6, �63 [ 9] ⊆ �62 [ 9].

With Theorem 2, let’s discuss our pruning strategy over each partial match 68 . Consider a full
match 6 = {E1, E2, · · · , E |+ (& ) | } that is grown from 68 = {E1, E2, · · · , E8 }. According to Theorem 2,
for each E 9 matching D 9 (8+1 ≤ 9 ≤ |+ (&) |) in 6, if�68 [ 9] is not null, then E 9 must be in�68 [ 9]. This
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motivates us to define a future search scope for each partial match 68 where the scope covers all
full matches that 68 could grow into.

Definition 10 (Future Search Scope). Consider a query & , data graph � and a matching order
Φ = { D1, D2, · · · , D |+ (& ) | }. For a partial match 68 , the future search scope, denoted as (2>?4 (68 ), is a
set formed by the following Cartesian product:

(2>?4 (68 ) = (1 × (2 × · · · ( |+ (& ) |
where for 1 ≤ 9 ≤ |+ (&) | :

( 9 =

{
�68 [ 9], if �68 [ 9] ≠ =D;; .

+ (�), if �68 [ 9] = =D;; .

According to Theorem 2 and Definition 10, if a full match 6 = { E1, E2, · · · , E |+ (& ) | } is grown from
a partial match 68 , then 6 (i.e., { E1, E2, · · · , E |+ (& ) | }) must be within (2>?4 (68 ). Hence, (2>?4 (68 )
covers all full matches that 68 could grow into.

One straightforward pruning strategy based on future search scope is that, for each partial match
68 , once there exists a 9 (8 < 9 ≤ |+ (&) |) such that �68 [ 9] = ∅ (not =D;;), then (2>?4 (68 ) would be
empty3. In this way, 68 could not grow into any full match and it can be safely pruned.

More importantly, for each partial match 68 , we can utilize local candidate space of 68 to test
whether the future search scope (2>?4 (68 ) has already been covered. Specifically, if for ∀1 ≤ 9 ≤
|+ (&) |, |�68 [ 9] | > 0 and every vertex E ∈ �68 [ 9] has been covered4, then all vertices in (2>?4 (68 )
accordingly had already been covered, including those in any possible full match 6 that would be
grown from 68 . Therefore, for current match cover computation, each such full match 6 should not
be returned since it contributes nothing to covering new key vertices, and accordingly, we need to
prune 68 immediately to save computation. Apparently, the determination on whether (2>?4 (68 )
has been covered need only one linear scan over local candidate space, which is efficient since the
number of vertices in a local candidate space is $ ( |+ (&) | ∗ 3� ) and 3� is the average degree of the
data graph � .

Fig. 5. Example of covered search scope

For instance, consider the running example in Fig. 3. When we encounter 62 = {E2, E4} during the
search where two full matches 61 and 62 have been obtained and the covered vertex set is {E1, E2, E3,
E4, E5, E6, E7, E8, E9, E10}. Fig. 5 presents the corresponding search scope of 62, and we can see that
every item in �62 has been covered. Hence, we could safely prune 62 once it is encountered.

Now let’s consider our overall search process, including how to maintain local candidate space
when we grow each 68 into 68+1. Algorithm 1, together with the procedure in Algorithm 2, presents
the pseudo codes of our search for MatCo.

3The corresponding Cartesian products for (2>?4 (68 ) involve a ∅
4Namely, E has been included in some match that is already found during current search.
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Algorithm 1: MatCo over local candidate space
Input: A query graph & and data graph �

Input: Φ = {D1, · · · , D |+ (& ) | }
Output: Report a match cover "

1 foreach E1 matching D1 do
2 Let 61 = {E1} under Φ
3 foreach 9 ← 1 to |+ (&) | do
4 Initialize �61 [ 9] = =D;;

5 if 9 = 1 then
6 �61 [ 9] = {E1}
7 if D1 ∈ '# (D 9 ) then
8 �61 [ 9] = # (D1,D 9 ) (E1) \ {E1}
9 Set E1 as visited

10 Extension(�,&,Φ, 61,�61 )
11 /* See Algorithm 2 for Extension procedure */
12 Set E1 as unvisited
13 Report match cover "
14 return

Initially, for each candidate E1 of D1, we conduct our search over partial match 61 = {E1} (Line 2
in Algorithm 1). According to the definition of local candidate space (see Definition 9), we set�61 [1]
as {E1}, and for each right neighbor D 9 of D1, E1 is the only one dependent vertex (see Definition 7)
of D 9 over 61, and hence, we also set�61 [ 9] as # (D1,D 9 ) (E1) \ {E1} according to Equation 3 (Lines 3-8
in Algorithm 1).

We can easily conduct extensions with local candidate space. According to Lemma 1, for each 68 ,
we can just take �68 [8 + 1] as the feasible candidate set % (68 ). Therefore, for each E8+1 ∈ �68 [8 + 1],
we would obtain a 68+1 = 68 ∪ {E8+1}, which would be recursively extended into a series of 68+2
(Lines 11-12 in Algorithm 2).

Let’s discuss how to construct �68+1 based on �68 when we grow 68 = {E1, E2, · · · , E8 } into 68+1

= 68 ∪ {E8+1}. According to the definition of local candidate space, ∀1 ≤ 9 ≤ 8 , �68+1 [ 9] =�68 [ 9] =
{E 9 }. Also, we need to set�68+1 [8+1] as {E8+1}. Now let’s consider�68+1 [ 9] where 8 + 1 < 9 ≤ |+ (&) |:
• if D 9 is not a neighbor of D8+1, then dependent vertices (see Definition 7) of D 9 over 68+1 are

exactly the same as those over 68 , and hence �68+1 [ 9] =�68 [ 9] \ {E8+1};
• if D 9 is a neighbor of D8+1 and�68 [ 9] = =D;; , then D8+1 must be the only mapped left neighbor

of D 9 , and E8+1 is the only dependent vertex of D 9 over 68+1, hence, we need to set �68+1 [ 9] =
# (D8+1,D 9 ) (E8+1) \+ (68 ) (Line 17 in Algorithm 2);
• if D 9 is a neighbor of D8+1 and �68 [ 9] ≠ =D;; , then E8+1 is a new dependent vertex of D 9 over
68+1, and hence we need to set�68+1 [ 9] =�68 [ 9]∩# (D8+1,D 9 ) (E8+1) \+ (68 ) (Line 19 in Algorithm
2).

Theorem 3. Given a data graph� , query graph& and a matching order Φ = {D1, D2, · · · , D |+ (& ) | },
our method (Algorithms 1 and 2) could successfully output a match cover of & over � .

Proof. We prove this theorem in following two steps.
• 1© Each output 6 |+ (& ) | is a match of & (Lines 2-3 in Algorithm 2). Specifically, our search

starts with each 61 that matches @1 = {D1} (Lines 1-2 in Algorithm 1). And then we recursively
extend each partial match68 into several68+1 with feasible candidates in�68 [8+1] (see Lemma
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1), where each 68+1 exactly matches @8+1 according to the definition of feasible candidate set.
Hence, each output 6 |+ (& ) | is a match of @ |+ (& ) | , namely, & .
• 2© All output matches of our algorithm constitute a match cover. Let � denote the full set

of matches and �>DC?DC is the output set of ours. If � \�>DC?DC = ∅, then �>DC?DC is a match
cover. Let’s consider the case when � \�>DC?DC ≠ ∅.
– According to 1©, �>DC?DC is a subset of �, i.e., �>DC?DC ⊆ �. Thus, + (�>DC?DC ) ⊆ + (�).
– Assume that a match 6 ∈ � \�>DC?DC . According to Algorithm 2, 6 is not in �>DC?DC only if

there exists a partial match 68 ⊆ 6 such that (2>?4 (68 ) has already been covered when our
search encounters 68 (Lines 8-10 in Algorithm 2). Hence,+ (6) has been covered at that time,
which means+ (6) ⊆ + (�>DC?DC ). In this way, vertices of matches in� \�>DC?DC are covered
by those in �>DC?DC , thus, + (� \ �>DC?DC ) ⊆ + (�>DC?DC ). Since + (�>DC?DC ) ⊆ + (�>DC?DC ),
then:

+ (�) =
(
+ (� \�>DC?DC ) ∪+ (�>DC?DC )

)
⊆ + (�>DC?DC )

namely, + (�) ⊆ + (�>DC?DC ).
Hence, + (�>DC?DC ) =+ (�), and �>DC?DC is a match cover.

�

Algorithm 2: Extension for MatCo
1 Procedure Extension(�,&,Φ, 68 ,�68 )
2 if |68 | = |+ (&) | then
3 Add 68 into "

4 Mark each vertex in + (68 ) covered
5 return
6 if There exists one element in �68 is ∅ then
7 return ⊲ (2>?4 (68 ) must be empty
8 if None of elements in �68 is =D;; then

9 if Every vertex in
|+ (& ) |⋃
9=1

�68 [ 9] has been covered then

10 return ⊲ (2>?4 (68 ) must be already covered
11 foreach E8+1 ∈ �68 [8 + 1] do
12 Let 68+1 = 68 ∪ {E8+1}
13 Initialize �68+1 with �68

14 Set �68+1 [8 + 1] = {E8+1}
15 foreach D 9 ∈ '# (D8+1) do
16 if �68+1 [ 9] = =D;; then
17 �68+1 [ 9] = # (D8+1,D 9 ) (E8+1) \+ (68 )
18 else
19 �68+1 [ 9] =�68 [ 9] ∩ # (D8+1,D 9 ) (E8+1) \+ (68 )
20 Set E8+1 as visited and remove E8+1 (if exists) from �68+1

21 Extension(�,&,Φ, 68+1,�68+1 )
22 Set E8+1 as unvisited
23 return

Our search for MatCo is efficient. For each partial match 68 , we need to scan the entire local
candidate space �68 , to determine whether (2>?4 (68 ) has been covered. The first 8 elements in �68

contain totally 8 vertices, and each of the remaining |+ (&) | − 8 elements contains $ (3� ) vertices
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where 3� is the average degree of � . Hence, the scan costs $ (8 + (|+ (&) | − 8) · 3� ) time, namely,
$ (( |+ (&) | − 8) ·3� ), which is almost constant. While, once we found the scope has already covered,
we would not access search branches over 68 , and the search space we prune may be of the same
size as that of (2>?4 (68 ), namely:

$ ( |(2>?4 (68 ) |) =$

(����� |+ (& ) |?
9=1

�68 [ 9]
�����
)
=$ (3 |+ (& ) |−8

�
)

Overall, assume that the probability for (2>?4 (68 ) being covered is ? , then the expected time cost
we save on 68 is$ (? ·3 |+ (& ) |−8

�
). Since the time we conduct the determination is$ (( |+ (&) | −8) ·3� ),

then our strategy is effective if the following inequality holds:
$ (( |+ (&) | − 8) · 3� )

$ (3 |+ (& ) |−8
�

)
=

$ ( |+ (&) | − 8)
$ (3 |+ (& ) |−8−1

�
)
< ?

Usually, (3 |+ (& ) |−8−1
�

) is far larger than ( |+ (&) | − 8), and our experiments indicate that ? is usually
larger than 40%, more details are available in Section 4.

There is also an optimization to reduce the time cost for determining whether scopes are covered.
In each determination, we would scan the entire local candidate space, which could be optimized.
Recall the Theorem 2 that non-null local candidate sets usually shrink when we grow small partial
matches into larger ones. In this way, once some local candidate set �68 [ 9] for partial match 68 is
covered, then for any 68+1 grown from 68 , vertices in �68+1 [ 9] must be covered (�68+1 [ 9] ⊆ �68 [ 9]).
Therefore, we can set an extra flag to mark whether a local candidate set has already covered, and
this flag would not change until backtrack happens in current search branch. With our search
going on, more and more vertices would be covered (Line 4 in Algorithm 2), and the check over
these flags would be more frequent, and hence, this acceleration is significant.

In worst case, the match cover returned may contain all matches, since different matches may
not overlap with each other.

3.3 Optimization with Linear Enumeration
We propose an acceleration strategy in MatCo to reduce time-consuming Cartesian products into
efficient linear enumeration.

Let’s discuss the Cartesian products. Consider a matching order Φ of & . If D ∈ Φ has no right
neighbor, then D is an isolated vertex [19]. Search over this matching order could possibly result in
Cartesian products. For example, consider the case when D8+1 is an isolated vertex (8 + 1 < |+ (&) |).
We know that for each partial match 68 , the set of (8 + 1)-matches that are grown from 68 is
{68 } ×�68 [8 + 1]. Since there is no edge between D8+1 and D8+2, then (8+1)-th vertex in 68+1 is not a
dependent vertex of D8+2, and hence, for each such 68+1, the feasible candidate set, i.e., �68+1 [8 + 2],
would be usually the same as �68 [8 + 2]. Thus, the set of (8 + 2)-matches that are grown from 68 is
nearly {68 } ×�68 [8 + 1] ×�68 [8 + 2], which means Cartesian product happens.

Existing work [6, 17, 19] usually move isolated vertices at the right side of matching order to
postpone the Cartesian products. However, these postponements can only delay the increase of
search space, while Cartesian products may not be avoided. The following Theorem 4 indicates that
these Cartesian products is usually hard to avoided in both existing subgraph matching work and
our local candidate space based MatCo search (Section 3.2).

Theorem 4. Consider � , & and a matching order Φ = {D1, D2, · · · , D |+ (& ) | }, where D8+1, D8+2, · · · ,
D |+ (& ) | are isolated vertices. For a partial match 68 = {E1, E2, · · · , E8 }, a |+ (&) |-tuple 6 ∈ (2>?4 (68 ) is
a match of & if there is no duplicated vertex in 6.
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Proof. • 1© We prove that the following equation holds:

(2>?4 (68 ) = {68 } ×�68 [8 + 1] ×�68 [8 + 2] · · · ×�68 [|+ (&) |]
Actually, since D8+1, D8+2, · · · D |+ (& ) | are isolated vertices, then these vertices have no edge
between each other, and their left neighbors must be within {D1, D2, · · · , D8 }. Hence, according
to the definition of local candidate space,�68 [ 9] (8 + 1 ≤ 9 ≤ |+ (&) |) would not be =D;; . Also,
according to the definition of future search scope, (2>?4 (68 ) can be exactly formed by the
above Cartesian products.
• 2© Let’s prove a |+ (&) |-tuple 6 ∈ (2>?4 (68 ) with no duplicated vertex is a match of & .
Assume that 6 = {E1, E2, · · · , E8 , · · · , E |+ (& ) | }, then it is easy to know that !� (E 9 ) = !& (D 9 )
(1 ≤ 9 ≤ |+ (&) |) since E 9 is one of the candidates of D 9 . Also, since there is no duplicated
vertex in 6, then the pair-wise mapping {(D1, E1), (D2, E2), · · · , (D |+ (& ) | , E |+ (& ) | )} is bijective.
Furthermore, ∀(D 91 , D 92 ) ∈ �& :
– if (D 91 , D 92 ) ∈ �@8 , since 68 matches @8 , then we have (E 91 , E 92 ) ∈ �68 , and !& (D 91 , D 92 ) =
!� (E 91 , E 92 );

– if (D 91 , D 92 ) ∉ �@8 , since there is no query edge between those in {D8+1, D8+2, · · · , D |+ (& ) | },
then D 91 must be in @8 while D 92 in & \ @8 . According to the definition of �68 [ 92], E 92 is a
neighbor of E 91 and !& (D 91 , D 92 ) = !� (E 91 , E 92 ).

Thus, recall the definition of subgraph match (see Definition 2), 6 is a match of & .
�

With Theorem 4, for each 68 when {D8+1, D8+2, · · · , D |+ (& ) | } are isolated vertices, each tuple 6 in
(2>?4 (68 ) tends to be a match of & , our extension-based search (Algorithm 2) may traverse the
entire (2>?4 (68 ) (of exponential scale) to cover vertices in �68 .

Actually, Theorem 4 also motivates us to replace Cartesian products with linear enumeration,
so that we can reduce search space of exponential scale into that of linear one. For each 68 , our
enumeration strategy would cover vertices in �68 with only linear time cost. Specifically, assume
that {D8+1, D8+2, · · · , D |+ (& ) | } are isolated vertices. Consider 68 = {E1, E2, · · · , E8 } and 6 ∈ (2>?4 (68 ),
where 6 = {E1, E2, · · · , E8 , · · · , E |+ (& ) | } and 6 has no duplicated vertex. According to Theorem 4,
6 is a match of & . We first mark each vertex in 6 as visited. For each unvisited vertex E in �68 [ 9]
(8 < 9 ≤ |+ (&) |), 6 ∪ {E} \ {E 9 } is still a tuple in (2>?4 (68 ) that is of no duplicated vertex, and
according to Theorem 4, 6 ∪ {E} \ {E 9 } is also a match of & . In this way, we can easily generate
|�68 [ 9] |matches that cover vertices in�68 [ 9] based on6. Each of suchmatch is generated in constant
time.

Let’s present the detailed process for our linear enumeration. Algorithm 3 presents the corre-
sponding pseudo codes. Assume that {D8+1, D8+2, · · · , D |+ (& ) | } are isolated vertices. For each 68 ,
we firstly retrieve unvisited vertices from �68 [ 9] (8 < 9 ≤ |+ (&) |) to form a match 6 |+ (& ) | of &
(Lines 3-8 in Algorithm 3). We would add 6 in set " if there exists uncovered vertices in 6 (Lines
9-11 in Algorithm 3). Then, for each E ∈ �68 [ 9] (8 < 9 ≤ |+ (&) |) where E is neither visited nor
covered, we can replace E with the 9-th vertex in 6 |+ (& ) | to form a new match that covers E (Lines
12-17 in Algorithm 3). After this process, all key vertices in �68 would be covered according to our
discussions. We can see that time-consuming Cartesian products are safely reduced into efficient
linear enumeration, which could significantly improve the performance of MatCo.

3.4 Complexity Analysis
Let’s discuss the overall complexity of our approach. Let 3� and 3& denote the average degree
of data and query graphs, respectively. For space cost, during the search, the only auxiliary data
structure we maintain is the local candidate space, which costs only $ ( |+ (&) | · 3� ) space. Usually,
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Algorithm 3: Linear Enumeration
1 Procedure LinerEnumeration(�,&,Φ, 68 ,�68 )
2 /*{ D8+1, D8+2, · · · D |+ (& ) | } are isolation vertices */
3 for 9 = 8+1← |+ (&) | do
4 Let E denote the first unvisited vertex in �68 [ 9]
5 if E does not exist then
6 return
7 Let 68+1 = 68 ∪ {E}
8 Mark E as visited
9 if there exists a uncovered vertex in 6 |+ (& ) | then
10 Add 6 |+ (& ) | into "

11 Mark every vertex in 6 |+ (& ) | as covered
12 for 9 = 8+1← |+ (&) | do
13 foreach E ∈ �68 [ 9] where E is neither visited nor covered do
14 Let E ′ denote the 9-th vertex in 6 |+ (& ) |

15 Update 6 |+ (& ) | = 6 |+ (& ) | ∪ {E} \ {E ′}
16 Mark E as covered and E ′ as unvisited
17 Add 6 |+ (& ) | into "

this cost is much less than that for storing the data graph, and hence, our method is significantly
efficient on space. For time cost, assume that the pruning rate (the probability that a search scope
is covered) of a partial match is ? , and there are : isolated vertices in Φ. Then, search with depth
less than |+ (&) | − : is based on the recursive process as Algorithms 1 and 2, while, for search with
depth larger than |+ (&) | − : (included), we apply linear enumeration as indicated in Algorithm 3.
Let’s discuss the time cost from these two different parts.

For the search with depth less than |+ (&) | − : , we first compute the number of search branches
of different depth. Actually, a search branch of depth 8 exactly corresponding to a partial match of
length 8 , i.e, 68 . We use =8 to denote the number of 68 , and hence =1 is$ ( |+ (�) |). Since the pruning
rate is ? , and for each 68 , it would be extended into $ (3� ) (i.e., $ ( |�68 [8 + 1] |)) 8+1-matches, i;e,
68+1. Hence, =8+1 = =8 · (1 − ?) · 3� , and accordingly, =8 is:

$
(
|+ (�) | · (1−?)8−1 · 38−1�

)
=$

(
|+ (�) | · (3� − 3� ·?)8−1

)
where 1 ≤ 8 ≤ |+ (&) | − : . Additionally, as we can see, when 8 = 1, $

(
|+ (�) | · (3� − 3� ·?)8−1

)
is

exactly $ ( |+ (�) |). Now let’s analyze the time cost for each 68 . As previous discussion, the time
for (2>?4 (68 ) being covered determination is $ (3� ·( |+ (&) | − 8)). And the time for maintaining
�68 (Lines 15-19 in Algorithm 2) is $ ( |'# (D8 ) | · 3� ), namely, $ (3& · 3� ) where 3& and 3� are the
average degree of query and data graphs, respectively. Therefore, time cost of 68 (8 ≤ |+ (&) | − :) is

$
(
3� · ( |+ (&) | − 8 + 3& )

)
And for a specific 8 , the time cost for all 68 is

$
(
|+ (�) | · 38� · (1 − ?)

8−1 · ( |+ (&) | − 8 + 3& )
)

Since both 8 and 3& is less than |+ (&) |, we use$ ( |+ (&) |) for$ ( |+ (&) | − 8 +3& ). Also, |+ (�) | ·3�
= |� (�) |, then the time cost for all 8-match could be simplified as follows:

$
(
|+ (&) | · |� (�) | · (3� − 3� ·?)8−1

)
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And the time for the search with depth less than |+ (&) | − : is that

$

(
|+ (&) | · |� (�) | · Σ |+ (& ) |−:

8=1 (3� − 3� ·?)8−1
)

namely5,
$

(
|+ (&) | · |� (�) | · (3� − 3� ·?) |+ (& ) |−:

)
For the search with depth not less than |+ (&) | − : , for each 6 |+ (& ) |−: , the time for linear

enumeration is $ (: · 3� ), and hence, the total time cost for this part is $ (= |+ (& ) |−: · : · 3� ), i.e.,

$

(
|+ (�) | · (3� − 3� ·?) |+ (& ) |−:−1 · : · 3�

)
namely,

$

(
|� (�) | · : · (3� − 3� ·?) |+ (& ) |−:−1

)
After combining the two parts of time cost, we can see that the time complexity of our approach

is
$

(
( |+ (&) | + :

3� − 3� ·?
) · |� (�) | · (3� − 3� ·?) |+ (& ) |−:

)
4 Experimental Evaluation
4.1 Setup
We conduct the evaluation on a CentOS machine with two Intel Xeon Silver 4210R, 2.40 GHz and
512G memory. Our codes, query sets, as well as datasets are available in anonymous repository [1].

Comparative works. We compare our method (MatCo) with various state-of-the-art subgraph
matching methods, including VEQ [23], DP-iso [17] (also known as DAF), NewSP [27], Rapid-
Match [36], GuP [3] and IVE [19]. We also compare our method with several counterparts in
Section 4.4, to explicitly demonstrate the effectiveness of our different optimization strategies.

Table 2. Summary of datasets

Dataset |V| |E| Degree |L(V)|
Yeast 3,112 12,519 8 71

Human 4,674 86,282 36.9 44
WordNet 76,853 120,399 3.1 5
DBLP 317,080 1,049,866 6.6 15

YouTube 1,134,890 2,987,624 5.3 25
EU-2005 862,644 16,138,468 37.4 40
Orkut 3,072,441 117,185,083 76.2 100
Twitter 41,652,230 1,468,365,182 57 1000

Datasets. We apply 8 datasets in our evaluation. Both Yeast [17] and Human [4] are biological
networks for human protein-protein interactions. WordNet [22] is a lexical dataset on semantic
relationships between words.DBLP [17] is an academic social network dataset on co-authorships in
computer science. YouTube [4] is a large social network dataset built over user interactions on the
video-sharing platform. EU-2005 [35] is a web graph under the .eu domain. Orkut [7] dataset is
created from a free online social network where users form friendships with each other. Twitter [2]
dataset is built over following relationships between Twitter users. Table 2 summarizes the statistical

5We assume that 3� − 3� ·? > 1
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Fig. 6. Time efficiency comparison

information of these datasets. The first 6 datasets are also used in a recent subgraph matching
survey [35]. The original versions of Yeast, Human, and WordNet are labeled datasets. While, DBLP,
YouTube and EU-2005 were already assigned with labels in the survey. We directly download and
apply these 6 labeled versions in our evaluation. For the remaining two large unlabeled datasets,
i.e., Orkut and Twitter, we randomly generate their labels in the same way as the recent survey did.
We set the label number of Twitter as 1000, which is much larger than that of Orkut (i.e., 100), since
we find that every query could not finish in one week when we set the label number of Twitter as
1000.

6 8 10 12 14
102

103

104

105

106

107

108

109

1010

Query size

|A
|/

|V
(A

)|

DBLP Orkut Yeast WordNet
EU-2005 Human YouTube Twitter

Fig. 7. The ratio |�| / + (�) varying query size

Query generation. We generate query graphs by randomly extracting subgraphs from the
corresponding data graphs, which is similar to many previous subgraph matching works [27, 32, 35].
For each dataset, we set five different query sizes based on the number of query edges (i.e., |� (&) |):
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6, 8, 10, 12, and 14. Under each query size, we generate 30 query graphs with random walks over
the data graph. We set the maximum execution time of each query as one week, and results of
timeout queries would be removed. The reported time and space under a given group setting are
obtained by averaging those from the corresponding generated queries.

4.2 Time Efficiency
We evaluate our method against comparative ones on overall time efficiency. Fig. 6 presents the
results. We can see that our method outperforms comparative ones by 1∼3 orders of magnitude.
We obtain the greatest performance advantage on Twitter, which is the largest dataset. Note that,
IVE fails to construct the index since memory would exceed, and we have no results for IVE over
Twitter on time or space cost. Comparative works are all timeout on WordNet over queries of
size larger than 10, which may be because WordNet has smallest number of different labels and
candidate scale of each query vertex tends to be large. There is also a slight increase of time cost
with query size grows, since the search space over large query tends to be deeper than that of small
ones.

An interesting observation is that our advancement over comparative ones is smallest on DBLP
dataset with queries of size 6 and 8. To analyze this, we conduct a statistics to present the distribution
of |�|/|+ (�) | over different datasets, where � is the full set and + (�) is the set of all key vertices.
On average, an existing method (those computing the full set) need to find |�|/|+ (�) | matches to
cover each key vertex. As indicated in Fig. 7, we can see that over queries of size 6 and 8, the ratio
(i.e., |�|/|+ (�) |) of DBLP is smaller than those of other datasets by nearly 2 orders of magnitude,
which weakens our advantages since comparative ones could terminate much more early on DBLP
than they do on other datasets. For queries of size 10, 12 and 14, the ratio (|�|/|+ (�) |) of DBLP
turns large and we can see from Fig. 6d that our method significantly outperforms comparative
ones under these queries.
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Fig. 8. Speedup distribution

We also present the speedup of our method against all comparative ones under different ratios of
answer number to match cover size (i.e., |�|/|�′ |). The speedup is )�/)�′ where )� is the running
time of the corresponding comparative work and )�′ is that of our method. Fig.8 demonstrates
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the specific distribution. Each point corresponding to a query, and points over red dotted line
indicate speedups larger than 1, namely, cases when our method outperforms comparative ones.
To avoid scattered points being too dense, we only randomly retrieve 10 queries under each size
in this speedup evaluation. We can see that most points are over the red dotted line, and the very
tiny portion of points that are below the red line gather at the area when the ratio (i.e., |�|/|�′ |)
is relative small. Since the running of IVE fails over Twitter dataset due to the memory limits,
there is no (brown) points for IVE in Fig. 8h. Note that, on average, our method still outperforms
comparative ones, as indicated in Fig. 6.

4.3 Space Efficiency
We evaluate the space efficiency of our method against comparative approaches. Fig. 9 presents the
space cost for indexes/auxiliary data structures of different solutions. We can see that our method
significantly outperforms comparative ones, by 1∼2 orders of magnitude under most settings. Space
costs of these comparative methods are relatively stable with the query size increases, while our
method exhibits a slight growth trend. A possible explanation is that, in our method, the number of
vertex sets in local candidate space usually grows with query size, and hence, generally, the larger
a query is, the more space our method costs. Nevertheless, the growth trend is very slight and our
method is much more efficient than comparative ones. Noticeably, our advantages is most obvious
on Twitter, i.e., the largest dataset, where our method outperforms comparative ones by almost 4
orders of magnitude.
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Fig. 9. Space efficiency comparison

4.4 Counterparts Comparison
We also set several counterparts of our method for evaluation, to demonstrate the efficiency of dif-
ferent optimizations in MatCo. The baseline, denoted as MatCo-Basic, is the basic search framework
without local candidate space or linear enumeration optimization. The second counterpart, denoted
as MatCo-LCS, is the version to incorporates local candidate space based pruning strategy into
baseline. The third, denoted as MatCo-Linear, is the version combining baseline with the strategy
to replace Cartesian products with linear enumeration. The final one, denoted as MatCo-Final,
contains both local candidate space and linear enumeration optimization. Fig. 10 presents the
results of counterparts evaluation. MatCo-Basic runs slowest on all datasets, and it is timeout
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over half of the datasets, i.e., WordNet, YouTube, EU-2005 and Orkut. Our final version obviously
outperforms all other counterparts. Also, MatCo-Linear runs faster than MatCo-LCS in most cases,
which means our linear enumeration strategy is more effective than that the pruning strategy with
local candidate space. Actually, the linear enumeration optimization reduces all search space deeper
than 8 into efficient enumeration when the last |+ (&) | − 8 query vertices are isolated, which is a
significant acceleration.
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4.5 Pruning Rate with Local Candidate Space
We also present the pruning rate of our method over the given datasets. Pruning rate is the ratio
of determinations that indicates covered search scope to all determinations conducted during our
search. The higher the pruning rate is, the more efficient our method would be. Specifically, each
determination costs linear time, while once we found a covered search scope, the search space that
we prune would be of exponential scale. We can see from Fig. 11 that pruning rate is more than
20% over these datasets, which is relatively high, because, according to our previous discussion,
the expected time cost we save on each 68 is $ (? · 3� |+ (& ) |−8 ), where ? is the pruning rate while
3� is the average degree of data graph.

5 Related Work
Most existing subgraph matching works focus on static graphs [3, 17, 19, 23, 36, 46, 47], while some
recent works consider the maintenance of matches over dynamic graphs [13, 24, 27, 32, 37, 44].
These works tend to return the full set of answers under the corresponding scenario. There are also
many variants of subgraph matching, some of which return only a subset of answers, for example,
TopK subgraph matching [10, 12, 15, 16, 45]. In this section, we discuss the related work in three
categories: (1) traditional subgraph matching work (include both static and dynamic methods), (2)
TopK subgraph matching and (3) other subgraph matching variants.

Traditional subgraph matching. There are many works on subgraph matching, and most of
them focus on static graphs [3, 17, 19, 23, 36]. These static method usually constructs complicated
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Fig. 11. Pruning rate over different datasets

indexes to filter unpromising candidates as many as possible, and then they would conduct search
over the remaining candidates following a certain matching order. Indexes are usually built only
once in offline way and queries for static subgraph matching are ad-hoc, hence, time cost for
indexes construction is usually tolerable. Recently, there are also some works on dynamic subgraph
matching, where they maintain all matches constantly when updates (usually, edge insertions/dele-
tions) happen [13, 24, 27, 32, 37, 44]. These works tend to incorporate lightweight indexes/auxiliary
data structures to reuse previous computation results, to accelerate current search for each update.
To avoid repeated computation, they would conduct the search (or construct some local indexes)
starting from the update parts of the dynamic graph. There is no essential difference between the
search frameworks of static methods and dynamic ones. Both of them return all matches and have
a common technical strategy: pruning partial matches that can not be extended into full ones as
early as possible. Applying existing subgraph matching works for match cover would always lead
to the maximum result, which maybe inefficient. Actually, existing works have no indexes/data
structure to indicate a tight future search scope, and they accordingly have no way to determine
whether future scope of some search branch has been covered. Hence, it is difficult to terminate
existing algorithms in advance for match cover computation.
TopK subgraph matching. There are also some works that only return top : matches under

certain constraints. KiSD [16] firstly proposes to compute top : densest matches of a given query
graph over static weighted graphs. PBSM [10] also studies this TopK subgraphmatching and propose
graph compression based strategy to improve the performance. CSM-TopK [15] is the first to extend
TopK subgraph matching to dynamic scenario, and they maintain density of star-structured partial
matches to accelerate the search. These works focus on returning top : densest matches and their
pruning strategies are usually based on density constraints, which is different from ours. Fan et
al. [12] firstly propose diversified subgraph querying problem, where they compute all vertices
that are not only from a set of : matches but also candidates of a specific query vertex. Also, they
consider graph simulation [28] instead of isomorphism. DSQL [45] focuses on returning only :

matches that cover the largest number of vertices. There is no guarantee that the returned : matches
would constitute a match cover. Their solution iteratively search matches until : results are obtain.
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In each iteration, they prioritize search matches of small overlapping with those already found. We
can see that, none of these work could solve match cover computation.
Other variants. There are various variants of subgraph matching. Some works may break the

generality of query graph where they search matches of paths [42, 43], cycles [30, 34], trees [18,
38, 40], DAGs [8, 9], Knowledge Graph [41] and so on. There are also some different matching
semantics, for example, graph simulation [29], timing order constrained matching [26] and temporal
subgraph matching [25, 31]. These works are far different from match cover computation and they
are not the focus in this paper.

Overall, we are the first to propose match cover and existing related methods are difficult to be
extended for computing match cover efficiently.

6 Conclusion
In this paper, we propose a new problem to compute match cover of a subgraph query over a
data graph. A match cover is a subset of matches that collectively includes all vertices of the full
set. Our target is to cover all target vertices as soon as possible during our search for matches.
Existing subgraph matching methods tend to return a full set of matches, and there is no auxiliary
data structure or mechanism to determine whether all target vertices have been covered. Hence,
for match cover computation, existing work would always return the full set of answers, i.e.,
the maximum match cover, which is inefficient. We propose a new framework, called MatCo, to
compute match cover efficiently. We design a local candidate space to indicate a tight future search
scope of each partial match, with which we can efficiently determine whether the future search
scopes have been covered. We can promptly prune partial matches that would not contribute to
covering target vertices, to save computation. We also reduce time-consuming Cartesian products
into linear enumeration for match cover computation. Extensive experiments over various datasets
indicate that our solution significantly outperform comparative works. Additionally, computing
minimal match cover could be an interesting future work.
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